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Abstract

A composition PDF transport equation (PDF) model and an algebraic second-order moment (ASOM) model of turbulent combus-
tion are used to simulate a methane–air turbulent jet flame, measured by the Sandia National Laboratory. In most regions, both PDF
and ASOM predictions are in agreement with the experimental data with not too much difference. The PDF modeling results give the
second-order moments with distributions having a similar trend as those given by the ASOM closure model. Although in general the
PDF modeling results are somewhat better than the ASOM results, but considering that the computation time of the ASOM model
is almost in two orders of magnitude smaller than that of the PDF model, the ASOM model is suggested for simulating large-size engi-
neering facilities.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

To develop an economical and reasonable turbulent
combustion model for simulating practical combustion
equipments is obviously important. For simplicity and
robusticity in simulating combustors of complex geometry,
the eddy break-up (EBU), EBU-Arrhenius model (E-A),
and simplified PDF combustion models are widely adopted
in commercial codes, such as FLUENT. But in EBU or
E-A models, the effect of turbulence is usually dominant,
and the effect of chemical kinetics is not properly taken into
account. In the simplified PDF model, the assumed PDF is
frequently a product of several one-variables PDF’s instead
of the joint PDF, leading to under-prediction of the
reaction rate. At the same time, the PDF transport equa-
tion model is more accurate than E-A and simplified
PDF models, but computationally is too expensive for
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simulating practical combustors. The flamelet and CMC
combustion models may be a better choice, but they need
more studies for their final use. So the engineers are still
seeking for an economical and reasonable turbulent com-
bustion model.

Recently, an unconditional second-order moment
(SOM) turbulent combustion model was proposed in our
laboratory. The computation cost of the SOM model is
almost the same as that of the EBU-Arrhenius and simpli-
fied PDF models, but the SOM model gives much better
results than E-A and simplified PDF models [1]. In the
early-developed SOM model, a series expansion approxi-
mation is taken for the non-linear exponential term in
the reaction rate expression, assuming E/RT� 1 and
T0/T� 1 and omitting higher order terms [2]. In Ref. [3]
this kind of SOM model is used to simulate a methane–
air turbulent diffusion flame, including NO formation
with a detailed chemical kinetics of 50 species and 300
elementary reactions. The predicted temperature, methane
and oxygen concentration are in agreement with the
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Nomenclature

B pre-exponential factor
C constant
E activation energy (J/kmol)
k turbulent kinetic energy (m/s)
K reaction-rate coefficient K = B � exp(�E/RT)
p( ) probability density function (PDF)
R universal gas constant (J/kmol K)
T temperature (K)
w reaction rate (mol/s)
Y mass fraction

Greek symbols

e dissipation rate of turbulent kinetic energy
(m2/s3)

l molecular dynamic viscosity (kg/m s)
q density (kg/m3)
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experimental data, whereas the NO concentration is signif-
icantly under-predicted. So, although the early-developed
SOM model gives encouraging results in simulating turbu-
lent combustion, but it suffers from serious errors. The rea-
son is that in real combustion processes, especially in NOx

formation, E/RT is much greater than unity and T0/T is
not always much less than unity, so the series expansion
approximation leads to serious errors. In order to overcome
this difficulty, a SOM transport equation model [4] is pro-
posed. In the SOM transport equation model all of the sec-
ond-order moments, including the correlations of
concentration fluctuation with the fluctuation of the reac-
tion-rate coefficient, are closed using a generalized form of
transport equations, hence can avoid the series expansion
approximation. The SOM transport equation model is
already used to simulate a turbulent jet flame [4] and a swirl-
ing turbulent combustion with NO formation [1] and the
predictions were validated by experimental data. In all
those cases, the SOM transport equation modeling results
are much better than those obtained using the EBU-Arrhe-
nius model and the simplified PDF model. However, the
closure assumptions made in the SOM transport equation
model need further theoretical justification. Recently, the
validation using large eddy simulation [5] was carried out
and it is shown that the closure assumptions are reasonable.
Furthermore, for highly shear flows, an algebraic second-
order moment (ASOM) model is proposed by dropping
the convection and diffusion terms in the transport equa-
tions of second-order moments. The correlations in the
time-averaged reaction rate expression are closed by alge-
braic expressions, and they are proportional to the products
of the gradients of corresponding time-averaged variables,

such as Y 01Y 02 ¼ CYY
k3

e2
oY 1

oxj

oY 2

oxj
. This model is as convenient

as the E-A and simplified PDF models, both turbulent
and chemical factors are directly considered in the time-
averaged reaction rate expression, and it can easily be used
with a detailed reaction mechanism.

On the other hand, it is well known that the composition
PDF transport equation model is a more accurate and rea-
sonable turbulent combustion model [6] in which the reac-
tion term is an exact one without using any closure models.
It can be used in RANS modeling with a detailed chemistry
mechanism. The correlation moment of any order can be
obtained from the PDF modeling results.

Thus, in this paper, a methane–air turbulent jet flame,
i.e. Flame C, measured by the Sandia National Laboratory
[7], is simulated using both composition PDF transport
equation model and ASOM turbulent combustion model.
The predicted time-averaged temperature, species concen-
tration and their root mean square (RMS) values will be
compared with the experimental data, and the second-
order moments of cross correlations given by the PDF
modeling results and the corresponding ASOM modeling
results will also be compared.
2. Mathematical models and numerical methods

2.1. The ASOM turbulent combustion model

For an instantaneous reaction rate

ws ¼ Bq2Y 1Y 2 exp � E
RT

� �
ð1Þ

after Reynolds expansion and averaging and neglecting the
third-order correlation, the time-averaged reaction rate can
be given as

ws ¼ q2 Y 1Y 2 þ Y 01Y 02
� �

K þ Y 1K 0Y 02 þ Y 2K 0Y 01
h i

ð2Þ

where

K ¼ B expð�E=RT Þ ð3Þ

The concentration fluctuation correlation is closed using a
transport equation as

o

ot
qY 01Y 02
� �

þ o

oxj
qV jY 01Y 02
� �

¼ o

oxj

le

rYY

oY 01Y 02
oxj

 !
þ C1lT

oY 1

oxj

oY 2

oxj
� C2q

e
k

Y 01Y 02 ð4Þ

For highly shear flows, e.g. a jet flame, the correlations of
the reaction-rate coefficient fluctuation with the concentra-
tion fluctuation K 0Y 01;K

0Y 02
� �

are assumed to be propor-
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tional to the products of the gradients of corresponding
time-averaged variables, oK

oxj

oY 1

oxj
, oK

oxj

oY 2

oxj
.

It is called an algebraic SOM (ASOM) model, so we have

K 0Y 0 ¼ CK;Y
k3

e2

oK
oxj

oY
oxj

ð5Þ

where CK,Y is a model constant, taken as 0.005. Thus, the
ASOM model is a kind of gradient modeling. The time-
averaged reaction-rate coefficient is only a function of tem-
perature fluctuation, it is:

K ¼
Z

B � expð�E=RT ÞpðT ÞdT ð6Þ

where p(T) is the probability density function of tempera-
ture, and assuming a bi-delta distribution gives:

�k¼ exp �E=R T þg1=2
T

� �h i
þ exp �E=R T �g1=2

T

� �h in o.
2gT

¼ T 02

ð7Þ
Fig. 1. The geometry of Flame C.
2.2. The composition PDF transport equation model

The composition PDF transport equation model solves
the mass and the momentum conservation equations using
a RANS turbulence model and replaces the energy and spe-
cies conservation equations by a single-point joint PDF
transport equation [6]:

o

ot
ðqP Þ þ o

oxi
ðquiP Þ þ

o

owk

ðqSkPÞ

¼ � o

oxi
q u00i
� ��w� 	

P


þ o

owk

q
1

q
oJ i;k

oxi

� ����w
� 

P
�

ð8Þ

where P is the Favre-averaged joint PDF of composition and
is solved using a Monte Carlo method. The turbulent scalar
flux term is modeled by the gradient diffusion assumption:

� o

oxi
q u00i jw
� 	

P
� 


¼ o

oxi

lt

qSct

oP
oxi

� �
ð9Þ

The mixing term is closed using an IEM model [8].

2.3. Reaction mechanisms and specific heat capacity

A detailed reaction mechanism, i.e. DRM22 [9], with 23
species and 102 elementary reactions is applied in the com-
Fig. 2. The grid
position PDF transport equation model, while a global
one-step reaction rate [10] is taken in the ASOM model:

xfu ¼ 2:119� 1011Y 1:3
ox Y 0:2

fu expð�2:027� 108=RT Þ ð10Þ

In both models the specific heat capacity is a piecewise
polynomial of temperature, for instance, the cp (J/kg K)
of methane between 300 K and 1000 K is:

cp ¼ 403:585þ 9:0573T � 0:014425T 2 þ 1:58052� 10�5T 3

� 6:343� 10�9T 4 ð11Þ
2.4. Simulation of a methane–air jet flame

Fig. 1 gives the geometrical configuration and sizes of
the simulated piloted methane–air turbulent jet flame, i.e.
Flame C, measured in Sandia National Laboratory [7].
The dimensions are for the diameter. The central jet con-
sists of 25% methane and 75% dry air in volume, and its
inlet velocity is 29.7 m/s, inlet temperature is 294 K. In
the PDF modeling, the annular jet contains hydrogen-air
combustion products, composed of 0.11 carbon dioxide,
0.004 carbon monoxide, 0.092 water, 0.056 oxygen and
nitrogen in mass fraction with an inlet bulk temperature
of 1903 K and inlet velocity of 6.8 m/s. In the ASOM mod-
eling, for the sake of simplicity the annular jet is assumed
to be only nitrogen with the same inlet bulk temperature
of 1903 K and inlet velocity of 6.8 m/s. The co-flow air
velocity is 0.9 m/s, and its temperature is 291 K. The com-
putation domain is taken from 36 mm before the jet exit to
0.72 m after it. Both models use the same two-dimensional
grid nodes, as shown in Fig. 2. The total grid number is
2352 and the grid size near the jet inlet is about 0.5 mm.
arrangement.
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A second-order upwind scheme is used, and the SIMPLEC
algorithm for pressure–velocity corrections is adopted. The
composition PDF transport equation model is chosen from
FLUENT 6.1 [11] and the ASOM model is incorporated
into FLUENT 6.1 by using the UDF (user-defined func-
tion) procedure. The Reynolds stress turbulence model
(RSM) is used together with the PDF model or the ASOM
model. Running a case in a PC with 1.8G CPU and 1024 M
memory needs more than 50 h for the composition PDF
transport modeling while needs less than 0.5 h for the
ASOM modeling.
3. Results and discussion

Fig. 3 shows the predicted time-averaged temperature
using two models in comparison with the experimental
data. The PDF modeling results are in good agreement
with the experimental data; while the ASOM modeling
results are also in general agreement with the experimental
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data, except at cross sections of x = 7.5d and x = 15d,
where the temperature is over-predicted. So, generally
speaking, both models give good results and the PDF
model is somewhat better. Figs. 4 and 5 show the time-
averaged methane and oxygen concentration respectively.
At all cross sections both models give the results near to
the experimental data. Again, the PDF modeling results
are somewhat better at some cross sections.

Considering that the PDF model uses detailed reaction
mechanism and solves Lagrangian equations using the
Monte Carlo algorithm, free of numerical diffusion;
whereas the ASOM model uses one-step global reaction
mechanism and finite-difference method with numerical
diffusion, but the average discrepancies between experi-
mental data and PDF model results are about 10%, and
are about 17% for the ASOM model, and the ASOM
model needs only 1% of the computation time that needed
by the PDF model, we can conclude, that the ASOM
model is a reasonable and economical one and it is
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suggested to be used in simulating practical large-size engi-
neering facilities.

The root mean square (RMS) values of temperature,
methane concentration and oxygen concentration fluctua-
tion are given in Figs. 6–8, respectively. Both models give
the results close to the experimental data, but the agree-
ment is not as good as that for the time-averaged values.
Again, the PDF modeling results are somewhat better.
For example, the PDF model can predict the two-peak
RMS value of temperature fluctuation in the region near
the jet exit, observed in experiments, whereas the ASOM
model cannot.

The correlations (denoted as corr in the figure) taken
from the PDF modeling results and the products of the
gradients (denoted as grad in the figure) for corresponding
time-averaged variables are shown in Figs. 9–13. It can be
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seen that in most regions the distributions of correlations
of the methane concentration fluctuation with the oxygen
concentration fluctuation, the temperature fluctuation with
the methane/oxygen concentration fluctuation, and the
reaction-rate coefficient fluctuation with the methane/oxy-
gen concentration fluctuation, have a trend similar to that
of the product of the gradients of corresponding time-aver-
aged variables. Fig. 14 gives this relationship in a more gen-
eral way, i.e. the correlation is approximately proportional
to the product of gradients (denoted as PG in the figure) of
corresponding time-averaged variables, which is illustrated
as a dash line, the closure assumption in the ASOM model.

Fig. 15 shows the relative values of the correlations,
which are the correlations, divided by the product of corre-
sponding time-averaged variables and represent the relative
importance of each term in Eq. (2). It can be seen that the
correlation terms containing the reaction-rate coefficient
fluctuation are larger than unity, whereas the correlation
terms containing only concentration fluctuations are smal-
ler than unity. These results can also be obtained from the
simulation using the ASOM model.

4. Conclusions

(1) Both PDF and ASOM modeling results for a meth-
ane–air turbulent jet flame simulation are in agree-
ment with the experimental data measured by
Sandia State Laboratory with not too much differ-
ence. Although the ASOM model is not as accurate
as the PDF transport model, while the ASOM model
can significantly reduce the computational cost, so it
is suggested for simulating large-size engineering
facilities.

(2) The PDF model gives the second-order moments,
similar to those given by the ASOM model.
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(3) The correlations containing the reaction-rate coeffi-
cient fluctuation are more important to the time-aver-
aged reaction rate.
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